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Abstract: The concept of “cloaking” an object is a very attractive one, especially in the visible
(VIS) and near infra-red (NIR) regions of the electromagnetic spectrum, as that would reduce the
visibility of an object to the eye. One possible route to achieving this goal is by leveraging the
plasmonic property of metallic nanoparticles (NPs). We model and simulate light in the VIS
and NIR scattered by a core of a homogeneous medium, covered by plasmonic cloak that is a
spherical shell composed of gold nanoparticles (AuNPs). To consider realistic, scalable, and
robust plasmonic cloaks that are comparable, or larger, in size to the wavelength, we introduce a
multiscale simulation platform. This model uses the multiple scattering theory of Foldy and Lax
to model interactions of light with AuNPs combined with the method of fundamental solutions
to model interactions with the core. Numerical results of our simulations for the scattering
cross-sections of core-shell composite indicate significant scattering suppression of up to 50%
over a substantial portion of the desired spectral range (400 - 600 nm) for cores as large as 900 nm
in diameter by a suitable combination of AuNP sizes and filling fractions of AuNPs in the shell.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Advances in nano-synthesis [1–3] and nano-assembly [4–8] have opened up possibilities of many
intriguing applications that seek to leverage not just the unique size-dependent properties of
single nanoparticles (NPs), but also the collective behavior of ensembles of NPs, which are
distinct both from isolated NPs and from their bulk counterparts [9,10]. One of these is the
fabrication of meta-materials using metallic NPs whose interaction with electromagnetic (EM)
waves have demonstrated exotic and anomalous phenomena, including ‘cloaking’ [11–13]. The
fundamental concept allowing for cloaking is the ability of metallic NPs to modify EM waves
in the near- and far-field regimes, a characteristic known as plasmonics, which is tunable via
NP size, shape, composition, and in an ensemble, inter-NP separation [14–22]. This property
allows for achieving invisibility via scattering cancellation [23–29], a method of passive cloaking
which requires no external power. The spectral band over which scattering is suppressed is
controlled by the physical properties of the NPs that, in turn, control their plasmonic response.
The cloaking technique is based on all angle scattering cancellation using a layer of plasmonic
material with low or negative effective permittivity, and relies on producing a local polarization
that is in “anti-phase” in reference to the target being cloaked. A well-designed cloaking cover
may recover the near- and far-field incident wavefront, and is independent of the incident angle,
form and polarization of the incident wave and location of the observer.

The most common type of structure that has experimentally demonstrated significant scattering
suppression is a spherical core-shell construct [11,25,30], schematically represented in Fig. 1.
The core is the target to be cloaked, and the shell consists of an amorphous arrangement of
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metallic NPs, typically gold or silver. Even a single layer of NPs in the shell has reduced scattering
significantly, although the spatial size of the cores cloaked is limited to the subwavelength scale,
and the spectral band of operation is relatively narrow – on the order of tens of nanometers.
Theoretical predictions [31–33] have outlined the possibility that multilayered plasmonic covers
could extend both the physical scale of targets and the operation wavelength ranges over which
they are cloaked. Such structures face both experimental and theoretical challenges, as they are
difficult to fabricate and scale up using traditional top-down and bottom-up approaches, and
additionally, complicated to simulate, given that the most prevalent approach for the latter is
based on a dipole approximation.

Fig. 1. Plasmonic cloaking with 3D nano-assembled shells. (a) Schematic depicting the
difference of optical scattering from a bare sphere [left] and sphere coated with AuNPs
[right] (b) Shell of finite-sized AuNPs of thickness Rs − Rc surrounding the core of radius
Rc (c) The corresponding set of point scatterers used in the model.

We have established a method [34,35] of nano-assembly capable of fabricating multi-layered
plasmonic covers in the form of shells. These are 3D hollow constructs whose radii can be tuned
from 200 nm − 2 µm and whose wall consists of several layers of densely packed AuNPs (see
Fig. 1(b)). Effective medium theory [36] is not valid for modeling the multiple and densely
packed AuNP layers forming these shells. Instead, a new multiscale modeling and simulation
platform is needed to account for the strong multiple interactions of light with the individual
AuNPs making up the shell. Additionally, this model must take into account interactions with the
core. Because the strong, multiple interactions between the core and the AuNPs are the main
mechanisms to be featured in this model, the power scattered and absorbed by the shell due to the
optical properties of an individual AuNP need to be taken into account.

Here, we present amultiscalemodeling and simulation platform that satisfies these requirements,
and provides valuable insights into the relevant issues, such as the fact that scattering efficiency
of a plasmonic cloak is suppressed most when each individual metal NP in the shell scatters and
absorbs strongly. As strong multiple scattering in the shell assists with confining power to the
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shell, it therefore follows that strong absorption in the shell attenuates the overall power scattered
by the cloak. Results from our simulations are consistent with this interpretation.

In this model, scattering by the core is computed using the Method of Fundamental Solutions
(MFS) [37] or Discrete Source Method [38]. Since the AuNPs are small compared to the
wavelength, we model them as point scatterers (see Fig. 1(c)) and use the multiple scattering
theory of Foldy [39] and Lax [40] to compute multiple scattering by them. We combine these
two methods to obtain generalized Foldy-Lax [41] theory for this problem. Using this multiscale
simulation platform, we compute the scattering efficiency of a plasmonic cloak for core diameters
between 400 nm and 900 nm, gold NPs (AuNPs) with diameters of 5 nm, 10 nm, and 20 nm,
and filling fraction of metal NPs in the shell between 0% and 65%. Through these simulations,
we show that significant suppression of power is achieved for a broad spectral window from
approximately 400 nm to 630 nm depending on the specific parameter values.
The remainder of this paper is as follows. We give a brief description of the method used to

fabricate nano-assembled hollow shells composed of densely packed metal NPs in Section 2. In
Section 3 we give the details of the multiscale model used to compute the scattering efficiency of
a plasmonic cloak. Included in Section 3 is a detailed description of modeling assumptions and
choices as well as validation studies. Results from using this model to compute the scattering
efficiency for several different plasmonic cloaks is given in Section 4. We give our conclusions
in Section 5. Appendix A gives the details of the model and Appendix B gives the method we
use to compute the total scattering cross-section that is used for all the results shown here.

2. Design and fabrication

Shell formation is driven by a process reported in our earlier work [34,35]. This process leverages
the phase transition of thermotropic hosts to assemble NPs dispersed in it into three-dimensional
(3D) structures. The first step is to modify the surface of the NPs. The native ligands on the NPs
are exchanged with custom-designed aromatic molecules, followed by dispersion of the NPs into
a liquid crystal (LC) material. We use a commercially available LC, known as 5CB, as the host,
and the functionalized NPs are added at 40◦ C when 5CB is in its isotropic (disordered) phase.
This allows uniform dispersion, and is followed by decreasing the temperature of the suspension
at the rate of 0.5◦ C/s down to 33◦ C. 5CB transitions from isotropic to nematic (ordered) phase
at 35.5◦ C, so as the temperature decreases and the LC order parameter increases, it expels
the previously well-dispersed NPs into shrinking isotropic domains. This proximity allows the
ligands on the NPs to begin the shell formation through an attractive π-π interaction of their
aromatic rings. Once shell formation is complete, the structures are very robust, and impervious
to increased temperature. Further, they can be extracted from the host LC and re-dispersed into
other optically homogeneous solvents.

By a judicious choice of ligands, shell diameters can be controllably tuned from 200 nm to 2 µm.
In addition to this scalability, there are other advantages offered by this novel nano-assembly
method. The first is versatility, where NPs of different compositions (including metallic, semi-
conducting and magnetic) and of a wide range of sizes can be used to form the shells. Therefore,
the use of different sizes of AuNPs to allow tuning the operational spectral band with relative ease.
The second is the capability of encapsulation offered by this assembly process. An inclusion of
choice can be added to the LC medium concurrently with the functionalized NPs, and as the
NP-LC composite is cooled, the inclusions are trapped within the shells. Encapsulation of organic
fluorescent dye, quantum dots and fluorescent bacteria have been successfully demonstrated [35],
and this ability offers an additional degree of functionality not accessible to solid core-shell
structures.
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3. Model

We model the plasmonic cloak as a sphere composed of a uniform dielectric medium (core)
surrounded by a random distribution of point scatterers (shell). The key parameters for the core
include the diameter d and the relative refractive index m given as the ratio of the refractive
index of the sphere divided by that of the surrounding medium. The key parameters for the shell
include the number and positions of point scatterers and their individual optical properties. The
number and positions of the point scatterers depend on the shell thickness and the filling fraction.
We evaluate the cloaking properties of this structure by computing its scattering efficiency over
wavelengths ranging from 400 nm to 700 nm.

The key parameters described above of this model are all elementary quantities. Consequently,
this model has no inherent limitations on size or material properties. The key challenge is
modeling the strong multiple scattering of light in this system. To simplify the modeling, we
use the scalar approximation [42, Chapter 13]. Even though the scalar approximation does not
account for all of the physical details in the system, it effectively accounts for the redistribution
of power due to the multiple interactions between the core and the surrounding AuNPs, and
therefore the overall behavior of the scattered light. For this reason, this scalar theory provides
valuable insight into the problem while also keeping the discussion relatively simple.

3.1. Mathematical formulation

In what follows, we give a mathematical formulation for scattering by the system comprised of
the dielectric spherical core, and the shell composed of randomly distributed metal NPs. This
formulation follows closely with formulations of multiple scattering given by Ishimaru [43], for
example.
Suppose that the origin of a coordinate system lies at the center of the dielectric sphere. We

denote the interior domain by D = {|r|<d/2} and the exterior domain by E = {|r|>d/2}. The
spherical surface B = {|r| = d/2} is interface between the interior and exterior. The interior field
ψint satisfies (

∇2 + k21
)
ψint = 0, inD, (1)

with k1 denoting the wavenumber for the dielectric sphere. Let N denote the number of point
scatterers in the shell. The exterior field, ψext satisfies(

∇2 + k20
)
ψext = −k20

N∑
n=1

Vnψ
ext, inE. (2)

Here, k0 is the wavenumber for the exterior and Vn corresponds to the scattering potential for the
nth metal NP. We write ψext as the sum ψext = ψinc + ψs with ψinc denoting the incident field,
and ψs denoting the scattered field. We must supplement the equations above with conditions on
B as well as radiation conditions. In particular, we prescribe that

ψint = ψinc + ψs onB, (3)

and
∂νψ

int = ∂νψ
inc + ∂νψ

s onB, (4)

with ∂ν denoting the derivative along the normal on B pointing into E. Additionally, we require
that ψs satisfies the Sommerfeld radiation condition. Equations (1) and (2) along with interface
conditions Eqs. (3) and (4), and the requirement that ψs satisfies the Sommerfeld radiation
condition constitute a complete mathematical description of the problem.
To compute the fields interior and scattered by the core, we make use of the Method of

Fundamental Solutions (MFS) which is also known as the Discrete Source Method. This method
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was introduced by Mathon and Johnston [37]. It provides an accurate and efficient computational
method for solving the full scattering problem [38]. Scattering by the metal NPs in the shell
is computed using the self-consistent scattering theory due to Foldy [39] and Lax [40]. By
combining these two theories, we arrive at the so-called generalized Foldy-Lax scattering theory
introduced by Huang et al. [41] to study scattering by a system made up of an extended scatterer
surrounded by smaller scatterers. This model contrasts with that by Huang et al. in that we use
the MFS instead of a boundary integral equation method to model scattering by the extended
object which is the core in our model. The details of this method are given in Appendix A. In
Appendix B, we show how to compute the total scattering cross-section for the plasmonic cloak
using the results from this method.

3.2. Modeling assumptions and choices

The key modeling assumption is that each metal NP is small enough that we can approximate it
by a point scatterer. A point scatterer has a constant (complex) scattering amplitude, which we
denote here by α. Scattering by a point scatterer is isotropic. Hence, its scattering cross-section
σs is given by

σs = 4π |α |2. (5)

Additionally, by the Optical Theorem or forward scattering theorem [42–45], we have

σt =
4π
k0

Im[α]. (6)

It follows that if σs and σt for an individual metal NP are known, then

α =

[
σs

4π
−

(
k0σt

4π

)2]1/2
+ i

k0σt

4π
. (7)

In our model, we consider the metal NPs in the shell are identical in size and composition, so
that there is only one scattering amplitude α needed for all N metal NPs. This assumption is
not a restriction of the model. In fact, the details of the method described in Appendix A allow
for a polydisperse distribution of metal NPs, each having different scattering amplitudes. Using
a monodisperse distribution of metal NPs is a modeling choice based on the fabrication and
design of these plasmonic cloaks described in Section 2. The ligands described in Section 2 may
affect the optical properties of the shell and therefore would need to be included in the model.
However, experimental measurements have not shown any significant scattering, extinction, or
other optical signature from the ligands, over a range of 350 – 800 nm. Therefore, we neglect the
ligands here and consider only scattering by the metal NPs as the main mechanism in this model
leading to strong, multiple interactions between the core and shell.
In the results shown here, we have taken the optical properties for the metal NPs from

experiments done on plasmonic film developed for plasmonic and nanophotonic applications.
The measurements for gold are taken from Yakubovsky et al. [46], and the measurements
for silver are taken from McPeak et al. [47]. The plasmonic films in those experiments were
fabricated depositing polycrystalline grains whose diameter is approximately same as the film
thickness. The plasmonic properties and grain diameter motivated us to use dielectric data from
these sources. With those data, we compute the scattering cross-section σs and the total scattering
cross-section σt used to define α in Eq. (7) using Rayleigh scattering theory [43–45].
Finally, these core-shell meta-structures depend on several parameters such as core diameter,

NP diameter, shell thickness, volume filling fraction of the NP in the shell, etc. The model
described in Appendix A can account for all of these system parameters. Nonetheless, we have
chosen to focus here on the specific case in which the shell thickness is three times the constituent
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metal NP diameter. This modeling choice is based on and consistent with the fabrication and
design of the plasmonic cloaks described in Section 2. Moreover, it provides a useful restriction
allowing for us to study individual system parameters such as the filling fraction, core diameter,
and metal NP diameter in a controlled way.

3.3. Computational procedure

We give the computational procedure to compute the total scattering cross-section for a plasmonic
cloak. This model requires specifying the relative refractive index m and diameter d of the core,
and the diameter of an individual metal NPs. Once those values are specified, we perform the
following computational procedure.

1. Compute the scattering and absorption cross-section for an individual metal NP using the
experimentally measured optical properties for gold [46] or silver [47]. With those data,
we compute the cross-sections for the metal NPs using Rayleigh scattering [43–45]. Those
cross-sections are then used to compute α through evaluation of Eq. (7).

2. Specify the filling fraction f which gives the volume of all N metal NPs divided by the
volume of the shell. Using that, we compute

N =
⌊
f

volume of shell
volume of metal NP

⌋
, (8)

with bxc denoting the floor function giving the largest integer that is less than or equal to x.

3. Compute the positions of the metal NPs, rNPn for n = 1, . . . ,N. For each metal NP, we
compute three, pseudo-random numbers: r, θ, and ϕ. The radial length r is sampled
uniformly over Rc ≤ r ≤ Rs with Rc = d/2 and Rs denoting the outer radius of the shell
set to be three times the diameter of one metal NP (see Section 3.1). The polar angle θ
is uniformly sampled over 0 ≤ θ ≤ π, and the azimuthal angle ϕ is uniformly sampled
over 0 ≤ ϕ ≤ 2π. The coordinates for the center of a metal NP are x = r sin θ cos ϕ,
y = r sin θ sin ϕ, and z = r cos θ. The algorithm checks positions of subsequent NPs
for overlap and vacancy with other metal NPs. If the algorithm detects an overlap, that
computed coordinate is discarded and another coordinate is computed. This process of
generating non-overlapping coordinates is continued until it finishes generating N positions.

4. Use the Fibonacci lattice [48] to compute boundary points rj ∈ B for j = 1, . . . ,M and
compute rintj and rextj using Eqs. (A2) and (A6), respectively. In our simulations, we have
set M = 512 and ` = 0.125d.

5. Solve the linear system comprised of Eqs. (A11)–(A13) with ψinc(r) = eik0 ẑ·r to determine
the expansion coefficients, cintj and cextj for j = 1, . . . ,M, and exciting fields, ΨE(rNPn ) for
n = 1, . . . ,N

6. Evaluate Eq. (B5) at î = ô = ẑ and use that to compute the total scattering-cross section
according to Eq. (B6).

Steps 5 and 6 are repeated for each wavelength sampling the spectrum.
There are two parts of this procedure that require the most computational effort. Step

3 for computing the positions of the N metal NPs requires large computational times as N
increases because each additional metal NP requires checking for overlap with the previous metal
NPs. Future modifications to the computational platform will seek more efficient methods for
determining these positions. The other major computational effort is Step 5 which requires
solution of the 2MN × 2MN linear system of equations. The corresponding system matrix is
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dense and full. In the results shown here, we have only used a general Gaussian elimination
method to solve this linear system. Therefore, this computation has a complexity of O(8M3N3).
However, the entries of the system matrix are mostly evaluations of Green’s functions which yield
an inherent structure in the system matrix that may be exploited for more efficient computations.
Future modifications to the computational platform will seek to use state-of-the-art numerical
linear algebra methods to make this computation more efficient.

3.4. Validation

Before proceeding to simulate the scattering efficiency and suppression of the nano-assembled
shell structures, it is important to validate the model. We do so by first studying the accuracy
of the MFS in computing scattering by the dielectric core without the shell of metal NPs to
demonstrate the high accuracy achieved with this method. For a second validation study, we
apply our model to the system studied by Mühlig et al. [11], where silver NPs (AuNPs) are
used to decorate the surfaces of silica cores to show that the model captures features that are not
predicted using Maxwell-Garnett theory.

Consider the plane wave ψinc = eik0r·ẑ incident on a silica sphere with relative refractive index
m = 1.4 and diameter d = 750 nm. For this problem, we can determine the solution of this
scattering problem exactly. The scattered field is given as an expansion in Legendre polynomials
whose expansion coefficients can be determined analytically. To compute the scattered field
using the MFS, we use the method described in Appendix A, but without terms corresponding to
scattering by the metal NPs so that Ψn = 0, identically. This leads to a 2M × 2M linear system
corresponding to Eqs. (A11) and (A12) with αn = 0. The code used to compute these results
along with extensive documentation is available at the GitHub repository [49].
In the left plot of Fig. 2 we show the scattering efficiency σE defined as the total scattering

cross-section σt normalized by the geometric cross-section, σg = πd2/4. The solid blue curve is
the result from the first 64 terms of the Legendre expansion for the exact solution and the orange
circles is the result from the MFS approximation. These results show excellent agreement. In the
right plot of Fig. 2 we show the relative error made by the MFS approximation. Over the spectral
window, we find that the MFS is highly accurate with relative errors less than 0.1%. We have
found that the MFS performs consistently well for a broad range of sphere diameters thereby
demonstrating its effectiveness in modeling scattering by the core.

Fig. 2. Comparison of the exact solution and the MFS approximation for a silica sphere
with relative refractive index m = 1.4 and diameter d = 750 nm. The left plot shows the
scattering efficiency σE given by the total scattering cross-section σt normalized by the
geometric cross-section σg = πd2/4. The solid blue curve is the result from the exact
solution and the orange circles is the result computed using the MFS. The right plot shows
the relative error of the MFS approximation.
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For the full model that includes many metal NPs in a shell surrounding the dielectric core,
there is no analytical solution available. Instead, we have applied this model to plasmonic cloaks
studied experimentally by Mühlig et al. [11]. For this comparison, we have used a relative
refractive index of m = 2.18 and diameter d = 55 nm for the silica core. We have used a filling
fraction of f = 10% for the AgNPs on the surface of the core. This comparison was done using
only one realization of the AgNPs positions, so no averaging was done to compute the simulation
results. No other tuning of our model was done in this comparison study.
Figure 3 shows the data from the experiment by Mühlig et al. [11] (solid squares), where a

scattering suppression is observed between 340 – 390 nm, as is expected, given the spectral band
of the plasmonic resonance of silver. The calculated values derived from Maxwell-Garnett theory
reported by Mühlig et al. [11] are also plotted (triangles). According to Maxwell-Garnett theory,
the maximum suppression range is 300 – 350 nm, which is blue-shifted from the experimental
data. In contrast, the results of our simulation (circles) are in closer agreement to the experimental
results.

Fig. 3. Experimental results (Exp data) by Mühlig et al. [11] for the scattering efficiency
σE compared with Maxwell-Garnett theory (MG) and results from our model (simulated).
The gray-shaded region highlights the agreement between the experimental results and our
model. The arrow indicates the scattering minimum predicted by Maxwell-Garnett theory
which, is blue-shifted from the other two results.

The results shown in Fig. 3 demonstrate the usefulness of this new model. It compliments the
Maxwell-Garnett approximation by providing a different interpretation for scattering suppression.
The fundamental mechanisms in this model is the multiple interactions included between the
metal NPs and the dielectric core. Most importantly, it has the capability of scaling up to larger
systems without restriction. In what follows, we use this model to study the scattering suppression
properties of plasmonic cloaks.

4. Results and discussion

In the simulation results that follow, we consider a core made of silica with relative refractive
index assumed to be m = 1.4 over the spectral window of 400 nm to 700 nm, and AuNPs with
diameters of 5 nm, 10 nm, and 20 nm. The shell thickness is set to be three times the diameter
of an individual AuNP and the ligand length is assumed to be 0.98 nm. We show results for
different values of the core diameter d and filling fractions f . In particular, we plot the scattering
efficiency, σE, defined according to

σE = σt(λ)/σg, (9)

with σg denoting the geometric cross-section. For reference, we compare our results for the
scattering efficiency of plasmonic cloak with that for the silica core alone. The geometric
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cross-section for the silica core is σg = πR2
c with Rc = d/2 denoting the core radius, and the

geometric cross-section for the plasmonic cloak is σg = πR2
s with Rs denoting the shell outer

radius.
Figure 4 summarizes our results for a d = 750 nm silica core covered with plasmonic cloak

comprising 10 nm AuNPs of varying filling fraction f . The scattering efficiency for the bare
silica core, σC

E , shows the characteristic oscillatory behavior seen in Mie theory [44,45]. The
peaks of those oscillations correspond to so-called Mie resonances. The locations and heights
of those peaks are characteristic of the size and relative refractive index of the sphere. The
scattering efficiency for the core with the plasmonic shell (σCS

E ) composed of 10 nm AuNPs for
all f = 0.05, f = 0.10, and f = 0.30 shown in Figs. 4(a)–4(c) demonstrate a suppression in the
spectral range 400 − 550 nm where the core -shell composite shows little to no trace of the Mie
resonances associated with the silica core. Thus, the spectral signature of the core is effectively
removed by the shell of AuNPs. As intuitively expected, the scattering suppression ∆σE (defined
as σC

E − σ
CS
E ), increases with the filling fraction f .

Fig. 4. Comparisons of the scattering efficiency σE for a 750 nm silica core (square symbols)
with that for a core and shell (circle symbols) made up of 10 nm AuNPs for filling fractions
(a) f = 0.05, (b) f = 0.15, and (c) f = 0.30. The extinction spectrum for a single 10 nm
AuNP is shown in (d), with its FWHM band highlighted in blue in (a) - (d).

This spectral region over which the plasmonic shell cover suppresses the scattering of the
core occurs corresponds closely to the FWHM spectral band of the extinction spectrum of a
single AuNP (Fig. 4(d) highlighted in blue) highlighting that the main mechanism in this model
is the multiple scattering due to the AuNPs and the dielectric core. Consequently, scattering
suppression of the plasmonic cloak depends strongly on scattering and absorption by each
individual AuNP. When scattering by an individual metal NP is strong, power incident on the
shell of AuNPs undergoes strong multiple scattering in the shell. When absorption by each
AuNP is also strong, this strong multiple scattering effectively yields higher absorption of the
overall power. Thus, strong scattering creates multiple interactions with strong absorbing AuNPs
thereby yielding a suppression in power scattered by the plasmonic cloak.
Figure 5 shows results that compare plasmonic cloaks with 5 nm and 20 nm AuNPs for the

same 750 nm diameter silica core. Recall that the shell thickness is set to be three times the
diameter of the AuNP. Thus, for the 5 nm diameter AuNP, the shell thickness is 15 nm and for 20
nm diameter AuNPs, the shell thickness is 60 nm. It then follows that the filling fraction sets the
corresponding number of AuNPs contained in the shell.
In Fig. 5 the black curves with square symbols show the scattering efficiency for the silica

core, the green curves with triangle symbols show the scattering efficiency for the plasmonic
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Fig. 5. Comparisons of the scattering efficiency σE for a 750 nm silica core (square symbols)
with that by a core and shell made up of 5 nm AuNPs (triangle symbols) and 20 nm AuNPs
(diamond symbols) for filling fractions (a) f = 0.10, and (b) f = 0.30. A comparison of the
extinction for single 5 and 20 nm AuNP is shown in (c).

cloak made up of 5 nm diameter AuNPs, and the blue curves with diamond symbols show the
scattering efficiency for the plasmonic cloak made up of 20 nm diameter AuNPs. Figure 5(a) is
for filling fraction f = 0.10 and Fig. 5(b) is for filling fraction f = 0.30. Figure 5(c) shows the
extinction for an individual 5 nm diameter (green curve) and 20 nm diameter AuNP (blue curve).
Because Fig. 5(c) shows that the extinction for the 20 nm diameter AuNP is relatively larger

than that for the 5 nm diameter AuNP, we expect that the scattering suppression by the plasmonic
cloak made up of 20 nm diameter AuNPs to be greater than that for a plasmonic cloak made up
of 5 nm diameter AuNPs. The results in Figs. 5(a) and (b) show this to be the case. We observe
substantially more suppression of scattering using the 20 nm diameter AuNPs in comparison
with the 5 nm AuNPs for both f = 0.10 and f = 0.30. For the larger filling fraction, we find that
the 20 nm diameter AuNPs suppress scattering across the entire spectral range.
The results in Figs. 4 and 5 indicate that the plasmonic cloaks effectively suppress scattering

over a broad spectral range. The amount of scattering suppression depends strongly on the
filling fraction. To study the dependence on the filling fraction, we show in Fig. 6 a map of the
scattering suppression ∆σE. Here, the plasmonic cloak is made up of 10 nm AuNPs. Thus, when
∆σE>0, it implies that incorporating the plasmonic shell cover reduces scattering from the core,
and that cloaking is successful. And when ∆σE<0, it signifies that scattering efficiency of the
bare silica core is higher than the silica core-shell composite. The dark regions of Fig. 6 show
where the plasmonic cloak is effective in suppressing scattering. These results show that both the
magnitude of ∆σE and its operational spectral band are enhanced as the filling fraction increases.
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Indeed, we observe that the onset of cloaking begins around a small value of f ≥ 25% and rapidly
improves thereafter.

Fig. 6. A plot of the scattering suppression (scattering efficiency of silica core minus
scattering efficiency of plasmonic cloak) as a function of filling fraction f and wavelength λ
for a core diameter of 750 nm and AuNPs with diameter 10 nm.

Figure 7 maps ∆σE for different core diameters ranging from 400 nm to 900 nm. For these
results, the plasmonic cloak is made up of 10 nm AuNPs and the filling fraction was held fixed
at f = 0.30. For all of the silica core diameters shown here, we observe significant scattering
suppression. An important point to note is that the ratio of the radius of AuNPs to the shell
thickness is the same for all cases. This implies that, as the cores get larger, the ratio of shell wall
to core-shell diameter decreases. This agrees with our experimental platform. Further, ∆σE>0
for the entire range of core sizes leads to the conclusions that not only does a plasmonic shell

Fig. 7. A plot of the scattering suppression as a function of core diameter d and wavelength
λ for a filling fraction of f = 30% and AuNPs with diameter 10 nm.
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successfully cloak cores with d ∼ λ, but in addition, do so without requiring the need to add
more AuNP layers.

5. Conclusions

We have developed a computational platform to study plasmonic cloaking structures composed
of a core surrounded by a shell of AuNPs. This model uses fundamental quantities such as the
scattering and absorption cross-sections of the AuNPs and the material properties of the core
by combining the Method of Fundamental Solutions to compute scattering by the core with
Foldy-Lax theory to compute multiple scattering by the AuNPs. It also takes into account strong
multiple interactions between the core and the AuNPs, which is essential for understanding
complex plasmonic cloaks composed of multiple layers of NP coverings. And while it is limited
because it uses the scalar approximation and a point scatterer assumption for the AuNPs, it
nonetheless provides a useful tool for studying broadband 3D plasmonic cloaking.

Simulations results presented confirm that plasmonic NPs can be used to design cloaks in the
visible part of the EM spectrum, and along with suppressing scattering over a broad spectral
range, AuNPs robustly cloak silica cores as large as 900 nm, larger than the wavelength of
operation. Additionally, as the core size increases, cloaking is successful without a subsequent
increase in the layers of AuNPs, as shown by the suppression via a constant filling fraction.

Appendix A: computational model

We use the MFS to compute the interior field inside the core, ψint. In the whole space composed
of a uniform medium with wavenumber k1, Green’s function,

G1(r − r′) = eik1 |r−r′ |

4π |r − r′ | , (A1)

gives a spherical wave centered at r′. We use the Fibonacci lattice [48] to compute boundary
points rj ∈ B for j = 1, . . . ,M which are approximately uniformly distributed on the surface of
the sphere. Then, we set

rintj = rj + `ν̂j, j = 1, . . . ,M, (A2)

with ν̂j denoting the unit outward normal at rj, and `>0 denoting a user-defined length parameter.
In our simulations, we have set ` = 0.125d. According to Eq. (A2), rintj for j = 1, . . . ,M lie
outside of the sphere. Using these points, we form the following approximation,

ψint(r) ≈
M∑
j=1

cintj G1(r − rintj ), r ∈ D. (A3)

Equation (A3) approximates ψint as a superposition of finitely many spherical waves centered at
points located outside of D. Therefore, it is exactly satisfies Eq. (1).
We compute the exterior field, ψext using the sum,

ψext = ψinc + ψB +

N∑
n=1
Ψn, (A4)

with ψB denoting the field scattered by the dielectric sphere and Ψn denoting the field scattered
by the nth metal nanoparticle. Green’s function,

G0(r − r′) = eik0 |r−r′ |

4π |r − r′ | , (A5)



Research Article Vol. 28, No. 15 / 20 July 2020 / Optics Express 22744

gives a spherical wave centered at r′ propagating in the whole space with wavenumber k0. Just
as we have done in Eq. (A2), we set

rextj = rj − `ν̂j, j = 1, . . . ,M. (A6)

It follows that rextj for j = 1, . . . ,M lie inside the sphere. Consequently, the approximation given
by

ψB(r) ≈
M∑
j=1

cextj G0(r − rextj ) (A7)

exactly satisfies (
∇2 + k20

)
ψB = 0, r ∈ E. (A8)

Let rNPn denote the center of the nth AuNP whose scattering amplitude is αn. The field scattered
by the nth AuNP is then given by

Ψn = αnG0(r − rNPn )ΨE(rNPn ), (A9)

with ΨE(rNPn ) denoting the exciting field at rNPn . This exciting field is given as the sum,

ΨE(rNPn ) = ψinc(rNPn ) + ψB(rNPn ) +
N∑

n′=1
n′,n

αn′G0(rNPn − rNPn′ )ΨE(rNPn′ ). (A10)

Equation (A10) gives the exciting field at rNPn as the sum of the incident field ψinc, the field
scattered by the dielectric sphere ψB, and the fields scattered by all of the other N − 1 metal
nanoparticles evaluated at rNPn .
In the expressions for ψint, ψB, and Ψn given by Eqs. (A3), (A7), and (A9), respectively, the

quantities cintj for j = 1, . . . ,M, cextj for j = 1, . . . ,M, and ΨE(rn) for n = 1, . . . ,N are to be
determined. We find them using interface conditions Eqs. (3) and (4). By requiring that interface
condition Eq. (3) is satisfied exactly on theM boundary points, ri ∈ B for i = 1, . . . ,M, we find
that

M∑
j=0

cintj G1(ri − rintj ) −

M∑
j=1

cextj G0(ri − rextj ) −

N∑
n=1

αnG0(ri − rNPn )ΨE(rNPn ) = ψinc(ri),

i = 1, · · · ,M.

(A11)

Similarly, by requiring that boundary condition Eq. (4) is satisfied exactly on theM boundary
points, we find that

M∑
j=0

cintj ∂νG1(ri − rintj ) −

M∑
j=1

cextj ∂νG0(ri − rextj ) −

N∑
n=1

αn∂νG0(ri − rNPn )ΨE(rNPn )

= ∂νψ
inc(ri), i = 1, · · · ,M.

(A12)

Finally, by substituting Eq. (A7) into Eq. (A10) and rearranging terms, we find that

ΨE(rNPn ) −
N∑

n′=1
n′,n

αn′G0(rNPn − rNPn′ )ΨE(rNPn′ ) −
M∑
j=1

cextj G0(rNPn − rextj ) = ψ
inc(rn),

n = 1, · · · ,N.

(A13)

Equations (A11), (A12), and (A13) give 2MN equations for the 2MN unknowns: cintj for
j = 1, . . . ,M, cextj for j = 1, . . . ,M, and ΨE(rNPn ) for n = 1, . . . ,N. These equations can be
combined to form a 2MN × 2MN linear system that is solved using standard numerical linear
algebra methods.
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Appendix B: computing the total scattering cross-section

Upon solution of the linear system comprised of Eqs. (A11)–(A13) given above, the scattered
field is given by

ψs(r) = ψB +

N∑
n=1
Ψn ≈

M∑
j=1

cextj G0(r − rextj ) +

N∑
n=1

αnG0(r − rNPn )ΨE(rNPn ), r ∈ E. (B1)

The scattered field evaluated at r = Rô with R = |r| and ô = r/|r| in the far-field corresponding
to R � 1 behaves like a spherical wave and is given by [42–45]

ψs(r) ∼ f (ô, ı̂)e
ik0R

R
. (B2)

Here, f (ô, ı̂) is the scattering amplitude for the scattered field in the far field in direction ô when
the particle is illuminated by a plane wave propagating in direction ı̂ with unit amplitude.

Suppose we have set ψinc to be a plane wave of unit amplitude propagating in direction ı̂ and
we have used that to compute the solution of Eqs. (A11)–(A13). Using |Rô − r′ | ∼ R − ô · r′ for
R � 1, the far-field Green’s function [42–45] is

G0(Rô − r′) ∼ eik0ô·r′ eik0R

4πR
, R � 1. (B3)

Replacing G0 by Eq. (B3) in Eq. (B1) yields

ψs(r) ∼

1
4π

M∑
j=1

cextj eik0ô·rextj +

N∑
n=1

αneik0ô·rNPn ΨE(rNPn )

eik0R

R
, R � 1. (B4)

By comparing Eq. (B2) with Eq. (B4), we find that the scattering amplitude using our method is
given by

f (ô, ı̂) ≈ 1
4π

M∑
j=1

cextj eik0ô·rextj +
1
4π

N∑
n=1

αneik0ô·rNPn ΨE(rNPn ). (B5)

According to the Optical Theorem or forward scattering theorem [42–45], we can compute the
total cross-section σt of the scattering structure through evaluation of

σt =
4π
k0

Im[f ( ı̂, ı̂)]. (B6)

We compute the total cross-section by substituting Eq. (B5) into this formula. Remarkably,
Eq. (B6) allows for the determination of σt by only measuring the power scattered in the forward
direction.
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